Introduction {#Sec1}
============

Convexity plays an important role in all the fields of pure and applied mathematics \[[@CR1]--[@CR12]\]. Many remarkable inequalities have been obtained in the literature by using convexity \[[@CR13]--[@CR22]\]. Among the inequalities, the most extensively and intensively attractive inequality in the last decades is the well-known Hermite--Hadamard inequality. This interesting result was obtained by Hermite and Hadamard independently, and it provides an equivalence with the convexity property. This inequality reads as follows: if the function $\documentclass[12pt]{minimal}
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                \begin{document}$$ \psi \biggl(\frac{\alpha_{1}+\alpha_{2}}{2} \biggr)\leq \frac{1}{\alpha_{2}-\alpha_{1}} \int_{\alpha_{1}}^{\alpha_{2}}\psi(x)\,dx \leq \frac{\psi(\alpha_{1})+\psi(\alpha_{2})}{2}. $$\end{document}$$ If *ψ* is a concave function, then the inequalities in ([1.1](#Equ1){ref-type=""}) will hold in reverse directions. The Hermite--Hadamard inequality gives an upper as well as lower estimations for the integral mean of any convex function defined on a closed and bounded interval which involves the endpoints and midpoint of the domain of the function. Also ([1.1](#Equ1){ref-type=""}) provides the necessary and sufficient condition for the function to be convex. There are several applications of this inequality in the geometry of Banach spaces and nonlinear analysis \[[@CR23], [@CR24]\]. Some peculiar convex functions can be used in ([1.1](#Equ1){ref-type=""}) to obtain classical inequalities for means. For some comprehensive surveys on various generalizations and developments of ([1.1](#Equ1){ref-type=""}), we recommend \[[@CR25]\]. Due to the great importance of this inequality, in the recent years many remarkable varieties of generalizations, refinements, extensions and different versions of Hermite--Hadamard inequality for different classes of convexity, such as preinvex, *s*-convex, harmonic convex, $\documentclass[12pt]{minimal}
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                \begin{document}$\alpha(x)$\end{document}$-convex, superquadratic, and co-ordinate convex functions, have been studied in the literature. Also there have been a large number of research papers published on this subject, for interested readers we recommend to read the papers \[[@CR26]--[@CR37]\] and some of the references therein.

The following definitions for the left and right side Riemann--Liouville fractional integrals are well known in the literature.
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In \[[@CR38]\], Sarikaya et al. established the Hermite--Hadamard type inequality for fractional integral as follows.

Theorem 1.1 {#FPar1}
-----------

*Let* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\psi:[b_{1},b_{2}]\rightarrow\mathbb{R}$\end{document}$ *be a positive function with* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$0\leq b_{1}< b_{2}$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\alpha>0$\end{document}$, *and* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\psi\in L[b_{1},b_{2}]$\end{document}$. *If* *ψ* *is convex on* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$[b_{1},b_{2}]$\end{document}$, *then one has* $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ \psi \biggl(\frac{b_{1}+b_{2}}{2} \biggr)\leq\frac{\Gamma(\alpha+1)}{2(b_{2}-b_{1})^{\alpha}} \bigl[J_{b_{1}+}^{\alpha}\psi(b_{2}) \bigr] +J_{b_{2}-}^{\alpha}\psi(b_{1})\leq\frac{\psi(b_{1})+\psi(b_{2})}{2}. $$\end{document}$$

Remark 1.2 {#FPar2}
----------
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The main purpose of this paper is to give a new method to derive the left Riemann--Liouville fractional Hermite--Hadamard type inequalities as given in \[[@CR39]\]. In this method we use Green's function and obtain identities for the difference of the left Riemann--Liouville fractional Hermite--Hadamard inequality, and then we prove that these identities are non-negative. As a consequence, these inequalities provide the generalized Hermite--Hadamard inequality. Also, by using these identities for the class of convex, concave, and monotone functions, we obtain new Hermite--Hadamard type inequalities.

Main results {#Sec2}
============
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In \[[@CR40]\], the authors established the following Lemma [2.1](#FPar3){ref-type="sec"}, which will be used to establish our main results.

Lemma 2.1 {#FPar3}
---------

(see \[[@CR40], Lemma 1\])
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Theorem 2.2 {#FPar4}
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Proof {#FPar5}
-----
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Since *ψ* is convex, therefore, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\psi''(\mu)\geq$\end{document}$ 0 and so by using ([2.12](#Equ13){ref-type=""}) and ([2.13](#Equ14){ref-type=""}) in ([2.9](#Equ10){ref-type=""}), we deduce $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ \psi \biggl(\frac{\alpha b_{1}+b_{2}}{\alpha+1} \biggr)\leq\frac{\Gamma(\alpha+1)}{(b_{2}-b_{1})^{\alpha}}J_{b_{1}+}^{\alpha} \psi(b_{2}), $$\end{document}$$ which is the first inequality of ([2.6](#Equ7){ref-type=""}).

Next, we prove the second inequality of ([2.6](#Equ7){ref-type=""}). Let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$x=b_{2}$\end{document}$ in ([2.5](#Equ6){ref-type=""}), then we have $$\documentclass[12pt]{minimal}
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                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ \psi(b_{2})=\psi(b_{1})+(b_{2}-b_{1}) \psi'(b_{2})+ \int_{b_{1}}^{b_{2}}G(b_{2},\mu) \psi''(\mu)\,d\mu. $$\end{document}$$

Adding $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\alpha\psi(b_{1})$\end{document}$ on both sides and then dividing by $\documentclass[12pt]{minimal}
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                \usepackage{amsfonts} 
                \usepackage{amssymb} 
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                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$(\alpha+1)$\end{document}$, we get $$\documentclass[12pt]{minimal}
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                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ \frac{\alpha\psi(b_{1})+\psi(b_{2})}{\alpha+1}=\psi(b_{1})+\frac{(b_{2}-b_{1})\psi'(b_{2})}{\alpha+1}+ \frac{1}{\alpha+1} \int_{b_{1}}^{b_{2}}G(b_{2},\mu) \psi''(\mu)\,d\mu. $$\end{document}$$

Subtracting ([2.8](#Equ9){ref-type=""}) from ([2.14](#Equ15){ref-type=""}), we obtain $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
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                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ \begin{aligned} &\frac{\alpha\psi(b_{1})+\psi(b_{2})}{\alpha+1}-\frac{\Gamma(\alpha+1)}{(b_{2}-b_{1})^{\alpha}}J_{b_{1}+}^{\alpha} \psi(b_{2}) \\ &\quad = \int_{b_{1}}^{b_{2}} \biggl[\frac{G(b_{2},\mu)}{\alpha+1}- \frac{\alpha}{(b_{2}-b_{1})^{\alpha}} \int_{b_{1}}^{b_{2}}(b_{2}-x)^{\alpha-1}G(x, \mu)\,dx \biggr]\psi''(\mu)\,d\mu. \end{aligned} $$\end{document}$$

Using the Green's function and ([2.10](#Equ11){ref-type=""}), we obtain $$\documentclass[12pt]{minimal}
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                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ \begin{aligned}[b] &\frac{G(b_{2},\mu)}{\alpha+1}-\frac{\alpha}{(b_{2}-b_{1})^{\alpha}} \biggl[ \frac{(b_{2}-\mu)^{\alpha+1}-(b_{2}-b_{1})^{\alpha+1}}{\alpha(\alpha+1)} \biggr] \\ &\quad =\frac{b_{1}-\mu}{\alpha+1}-\frac{(b_{2}-\mu)^{\alpha+1}-(b_{2}-b_{1})^{\alpha+1}}{(\alpha+1)(b_{2}-b_{1})^{\alpha}} \\ &\quad =\frac{(b_{1}-\mu)(b_{2}-b_{1})^{\alpha}+(b_{2}-b_{1})^{\alpha+1}-(b_{2}-\mu)^{\alpha+1}}{(\alpha+1)(b_{2}-b_{1})^{\alpha}} \\ &\quad =\frac{(b_{2}-b_{1})^{\alpha}(b_{2}-\mu)-(b_{2}-\mu)^{\alpha+1}}{(\alpha+1)(b_{2}-b_{1})^{\alpha}} \\ &\quad =\frac{(b_{2}-\mu)[(b_{2}-b_{1})^{\alpha}-(b_{2}-\mu)^{\alpha}]}{(\alpha+1)(b_{2}-b_{1})^{\alpha}} \geq 0 \end{aligned} $$\end{document}$$ for all $\documentclass[12pt]{minimal}
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                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$b_{1}\leq\mu\leq b_{2}$\end{document}$.

Now, using the convexity of *ψ* and ([2.16](#Equ17){ref-type=""}) in ([2.15](#Equ16){ref-type=""}), we get $$\documentclass[12pt]{minimal}
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                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ \frac{\alpha\psi(b_{1})+\psi(b_{2})}{\alpha+1}\geq\frac{\Gamma(\alpha+1)}{(b_{2}-b_{1})^{\alpha}}J_{b_{1}+}^{\alpha} \psi(b_{2}), $$\end{document}$$ which is the second inequality of ([2.6](#Equ7){ref-type=""}). □

Next, we present new Hermite--Hadamard type inequalities for the class of monotone and convex functions.

Theorem 2.3 {#FPar6}
-----------

*Let* $\documentclass[12pt]{minimal}
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                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\psi \in C^{2}([b_{1},b_{2}])$\end{document}$ *and* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\alpha>0$\end{document}$. *Then the following statements are true*: (i)*If* $\documentclass[12pt]{minimal}
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                \usepackage{mathrsfs}
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                \begin{document}$|\psi''|$\end{document}$ *is an increasing function*, *then* $$\documentclass[12pt]{minimal}
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                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ \biggl\vert \frac{\alpha\psi(b_{1})+\psi(b_{2})}{\alpha+1}-\frac{\Gamma(\alpha+1)}{(b_{2}-b_{1})^{\alpha}}J_{b_{1}+}^{\alpha} \psi(b_{2}) \biggr\vert \leq\frac{ \vert \psi''(b_{2}) \vert \alpha(b_{2}-b_{1})^{2}}{2(\alpha+1)(\alpha+2)}. $$\end{document}$$(ii)*If* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$|\psi''|$\end{document}$ *is a decreasing function*, *then* $$\documentclass[12pt]{minimal}
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                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ \biggl\vert \frac{\alpha\psi(b_{1})+\psi(b_{2})}{\alpha+1}-\frac{\Gamma(\alpha+1)}{(b_{2}-b_{1})^{\alpha}}J_{b_{1}+}^{\alpha} \psi(b_{2}) \biggr\vert \leq\frac{ \vert \psi''(b_{1}) \vert \alpha(b_{2}-b_{1})^{2}}{2(\alpha+1)(\alpha+2)}. $$\end{document}$$(iii)*If* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$|\psi''|$\end{document}$ *is a convex function*, *then* $$\documentclass[12pt]{minimal}
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                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned} \biggl\vert \frac{\alpha\psi(b_{1})+\psi(b_{2})}{\alpha+1}-\frac{\Gamma(\alpha+1)}{(b_{2}-b_{1})^{\alpha}}J_{b_{1}+}^{\alpha} \psi(b_{2}) \biggr\vert \leq\frac{\max\{ \vert \psi''(b_{1}) \vert , \vert \psi''(b_{2}) \vert \}\alpha(b_{2}-b_{1})^{2}}{2(\alpha+1)(\alpha+2)}. \end{aligned}$$ \end{document}$$

Proof {#FPar7}
-----

\(i\) It follows from ([2.15](#Equ16){ref-type=""}) that $$\documentclass[12pt]{minimal}
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                \begin{document}$$ \begin{aligned}[b] & \biggl\vert \frac{\alpha\psi(b_{1})+\psi(b_{2})}{\alpha+1}- \frac{\Gamma(\alpha+1)}{(b_{2}-b_{1})^{\alpha}}J_{b_{1}+}^{\alpha} \psi(b_{2}) \biggr\vert \\ &\quad \leq\frac{1}{(\alpha+1)(b_{2}-b_{1})^{\alpha}} \int_{b_{1}}^{b_{2}} \bigl[(b_{2}-b_{1})^{\alpha}(b_{2}- \mu)-(b_{2}-\mu)^{\alpha+1} \bigr] \bigl\vert \psi''( \mu) \bigr\vert \,d\mu. \end{aligned} $$\end{document}$$

Since $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
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                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$(b_{2}-b_{1})^{\alpha}(b_{2}-\mu)-(b_{2}-\mu)^{\alpha+1}\geq0$\end{document}$ and $\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned} & \biggl\vert \frac{\alpha\psi(b_{1})+\psi(b_{2})}{\alpha+1}-\frac{\Gamma(\alpha+1)}{(b_{2}-b_{1})^{\alpha}}J_{b_{1}+}^{\alpha} \psi(b_{2}) \biggr\vert \\ &\quad \leq\frac{ \vert \psi''(b_{2}) \vert }{(\alpha+1)(b_{2}-b_{1})^{\alpha}} \int_{b_{1}}^{b_{2}} \bigl[(b_{2}-b_{1})^{\alpha}(b_{2}- \mu)-(b_{2}-\mu)^{\alpha+1} \bigr]\,d\mu \\ &\quad =\frac{ \vert \psi''(b_{2}) \vert }{(\alpha+1)(b_{2}-b_{1})^{\alpha}} \biggl[(b_{2}-b_{1})^{\alpha}\frac{(b_{2}-b_{1})^{2}}{2}-\frac{(b_{2}-b_{1})^{\alpha+2}}{\alpha+2} \biggr] \\ &\quad =\frac{ \vert \psi''(b_{2}) \vert \alpha(b_{2}-b_{1})^{2}}{2(\alpha+1)(\alpha+2)}, \end{aligned}$$ \end{document}$$ which is inequality ([2.17](#Equ18){ref-type=""}).

Part (ii) can be proved in a similar way, we omit the details.

For part (iii), making use of ([2.18](#Equ19){ref-type=""}) and the fact that every convex function *ψ* defined on the interval $\documentclass[12pt]{minimal}
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                \begin{document}$\max\{\psi(b_{1}),\psi(b_{2})\}$\end{document}$, we get $$\documentclass[12pt]{minimal}
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                \usepackage{wasysym} 
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                \begin{document} $$\begin{aligned} & \biggl\vert \frac{\alpha\psi(b_{1})+\psi(b_{2})}{\alpha+1}-\frac{\Gamma(\alpha+1)}{(b_{2}-b_{1})^{\alpha}}J_{b_{1}+}^{\alpha} \psi(b_{2}) \biggr\vert \\ &\quad \leq\frac{\max\{ \vert \psi''(b_{1}) \vert , \vert \psi''(b_{2}) \vert \}}{(\alpha+1)(b_{2}-b_{1})^{\alpha}} \int_{b_{1}}^{b_{2}} \bigl[(b_{2}-b_{1})^{\alpha}(b_{2}- \mu)-(b_{2}-\mu)^{\alpha+1} \bigr]\,d\mu \\ &\quad =\frac{\max\{ \vert \psi''(b_{1}) \vert , \vert \psi''(b_{2}) \vert \}\alpha(b_{2}-b_{1})^{2}}{2(\alpha+1)(\alpha+2)}. \end{aligned}$$ \end{document}$$ □

Remark 2.4 {#FPar8}
----------

Let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
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                \usepackage{amsfonts} 
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                \setlength{\oddsidemargin}{-69pt}
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                \begin{document} $$\begin{aligned} & \biggl\vert \frac{\psi(b_{1})+\psi(b_{2})}{2}-\frac{1}{b_{2}-b_{1}} \int_{b_{1}}^{b_{2}}\psi(t)\,dt \biggr\vert \leq \frac{ \vert \psi''(b_{2}) \vert (b_{2}-b_{1})^{2}}{12}, \\ & \biggl\vert \frac{\psi(b_{1})+\psi(b_{2})}{2}-\frac{1}{b_{2}-b_{1}} \int_{b_{1}}^{b_{2}}\psi(t)\,dt \biggr\vert \leq \frac{ \vert \psi''(b_{1}) \vert (b_{2}-b_{1})^{2}}{12}, \\ & \biggl\vert \frac{\psi(b_{1})+\psi(b_{2})}{2}-\frac{1}{b_{2}-b_{1}} \int_{b_{1}}^{b_{2}}\psi(t)\,dt \biggr\vert \leq \frac{\max\{ \vert \psi''(b_{1}) \vert , \vert \psi''(b_{2}) \vert \}(b_{2}-b_{1})^{2}}{12}. \end{aligned}$$ \end{document}$$

Theorem 2.5 {#FPar9}
-----------

*Let* $\documentclass[12pt]{minimal}
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                \usepackage{upgreek}
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                \begin{document} $$\begin{aligned} & \biggl\vert \psi \biggl(\frac{\alpha b_{1}+b_{2}}{\alpha+1} \biggr)-\frac{\Gamma(\alpha+1)}{(b_{2}-b_{1})^{\alpha}}J_{b_{1}+}^{\alpha} \psi(b_{2}) \biggr\vert \\ &\quad \leq\frac{(b_{2}-b_{1})^{2}}{(\alpha+1)^{\alpha+3}(\alpha+2)} \\ &\qquad {}\times\biggl[ \biggl\vert \psi'' \biggl(\frac{\alpha b_{1}+b_{2}}{\alpha+1} \biggr) \biggr\vert \biggl(\frac{\alpha[(\alpha+1)^{\alpha+1}-2\alpha^{\alpha+1}]}{2} \biggr)+ \bigl\vert \psi''(b_{2}) \bigr\vert \alpha^{\alpha+2} \biggr]. \end{aligned}$$ \end{document}$$(ii)*If* $\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned} &\biggl\vert \psi \biggl(\frac{\alpha b_{1}+b_{2}}{\alpha+1} \biggr)-\frac{\Gamma(\alpha+1)}{(b_{2}-b_{1})^{\alpha}}J_{b_{1}+}^{\alpha} \psi(b_{2}) \biggr\vert \\ &\quad \leq\frac{(b_{2}-b_{1})^{2}}{(\alpha+1)^{\alpha+3}(\alpha+2)} \\ &\qquad {}\times\biggl[ \bigl\vert \psi''(b_{1}) \bigr\vert \biggl(\frac{\alpha[(\alpha+1)^{\alpha+1}-2\alpha^{\alpha+1}]}{2} \biggr)+ \biggl\vert \psi'' \biggl(\frac{\alpha b_{1}+b_{2}}{\alpha+1} \biggr) \biggr\vert \alpha^{\alpha+2} \biggr]. \end{aligned}$$ \end{document}$$(iii)*If* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
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                \usepackage{mathrsfs}
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                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned} &\biggl\vert \psi \biggl(\frac{\alpha b_{1}+b_{2}}{\alpha+1} \biggr)-\frac{\Gamma(\alpha+1)}{(b_{2}-b_{1})^{\alpha}}J_{b_{1}+}^{\alpha} \psi(b_{2}) \biggr\vert \\ &\quad \leq\frac{(b_{2}-b_{1})^{2}}{(\alpha+1)^{\alpha+3}(\alpha+2)} \\ &\qquad {}\times \biggl[\max \biggl\{ \bigl\vert \psi''(b_{1}) \bigr\vert , \biggl\vert \psi'' \biggl( \frac{\alpha b_{1}+b_{2}}{\alpha+1} \biggr) \biggr\vert \biggr\} \biggl(\frac{\alpha[(\alpha+1)^{\alpha+1}-2\alpha^{\alpha+1}]}{2} \biggr) \\ &\qquad {}+\max \biggl\{ \biggl\vert \psi'' \biggl( \frac{\alpha b_{1}+b_{2}}{\alpha+1} \biggr) \biggr\vert , \bigl\vert \psi''(b_{2}) \bigr\vert \biggr\} \alpha^{\alpha+2} \biggr]. \end{aligned}$$ \end{document}$$

Proof {#FPar10}
-----

\(i\) It follows from ([2.9](#Equ10){ref-type=""}) that $$\documentclass[12pt]{minimal}
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                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned} &\psi \biggl(\frac{\alpha b_{1}+b_{2}}{\alpha+1} \biggr)- \frac{\Gamma(\alpha+1)}{(b_{2}-b_{1})^{\alpha}}J_{b_{1}+}^{\alpha} \psi(b_{2}) \\ &\quad = \int_{b_{1}}^{\frac{\alpha b_{1}+b_{2}}{\alpha+1}} \biggl[G \biggl(\frac{\alpha b_{1}+b_{2}}{\alpha+1},\mu \biggr)-\frac{\alpha}{(b_{2}-b_{1})^{\alpha}} \int_{b_{1}}^{b_{2}}(b_{2}-x)^{\alpha-1}G(x, \mu)\,dx \biggr]\psi''(\mu) \,d\mu \\ &\qquad {}+ \int_{\frac{\alpha b_{1}+b_{2}}{\alpha+1}}^{b_{2}} \biggl[G \biggl(\frac{\alpha b_{1}+b_{2}}{\alpha+1},\mu \biggr)-\frac{\alpha}{(b_{2}-b_{1})^{\alpha}} \int_{b_{1}}^{b_{2}}(b_{2}-x)^{\alpha-1}G(x, \mu)\,dx \biggr]\psi''(\mu) \,d\mu \\ &\quad =-\frac{1}{(\alpha+1)(b_{2}-b_{1})^{\alpha}} \biggl[ \int_{b_{1}}^{\frac{\alpha b_{1}+b_{2}}{\alpha+1}} \bigl\{ (b_{2}- \mu)^{\alpha+1} -(b_{2}-b_{1})^{\alpha+1} \\ &\qquad {}-(b_{1}-\mu) (b_{2}-b_{1})^{\alpha}( \alpha+1) \bigr\} \psi''(\mu)\,d\mu + \int_{\frac{\alpha b_{1}+b_{2}}{\alpha+1}}^{b_{2}}(b_{2}-\mu)^{\alpha+1} \psi''(\mu)\,d\mu \biggr]. \end{aligned}$$ \end{document}$$

Taking the absolute function and using the triangular inequality, we get $$\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned} & \biggl\vert \psi \biggl(\frac{\alpha b_{1}+b_{2}}{\alpha+1} \biggr)-\frac{\Gamma(\alpha+1)}{(b_{2}-b_{1})^{\alpha}}J_{b_{1}+}^{\alpha} \psi(b_{2}) \biggr\vert \\ &\quad \leq\frac{1}{(\alpha+1)(b_{2}-b_{1})^{\alpha}} \biggl[ \int_{b_{1}}^{\frac{\alpha b_{1}+b_{2}}{\alpha+1}} \bigl\{ (b_{2}- \mu)^{\alpha+1}-(b_{2}-b_{1})^{\alpha+1} \\ &\qquad {}-(b_{1}-\mu) (b_{2}-b_{1})^{\alpha}( \alpha+1) \bigr\} \bigl\vert \psi''(\mu) \bigr\vert \,d \mu + \int_{\frac{\alpha b_{1}+b_{2}}{\alpha+1}}^{b_{2}}(b_{2}-\mu)^{\alpha+1} \bigl\vert \psi''(\mu) \bigr\vert \,d\mu \biggr] \\ &\quad \leq\frac{1}{(\alpha+1)(b_{2}-b_{1})^{\alpha}} \biggl[ \biggl\vert \psi'' \biggl( \frac{\alpha b_{1}+b_{2}}{\alpha+1} \biggr) \biggr\vert \int_{b_{1}}^{\frac{\alpha b_{1}+b_{2}}{\alpha+1}} \bigl\{ (b_{2}- \mu)^{\alpha+1}-(b_{2}-b_{1})^{\alpha+1} \\ &\qquad {}-(b_{1}-\mu) (b_{2}-b_{1})^{\alpha}( \alpha+1) \bigr\} \,d\mu+ \bigl\vert \psi''(b_{2}) \bigr\vert \int_{\frac{\alpha b_{1}+b_{2}}{\alpha+1}}^{b_{2}}(b_{2}-\mu)^{\alpha+1}\,d \mu \biggr] \\ &\quad =\frac{1}{(\alpha+1)(b_{2}-b_{1})^{\alpha}} \biggl[ \biggl\vert \psi'' \biggl( \frac{\alpha b_{1}+b_{2}}{\alpha+1} \biggr) \biggr\vert (b_{2}-b_{1})^{\alpha+2} \biggl\{ \frac{-\alpha^{\alpha+2}}{(\alpha+1)^{\alpha+2}(\alpha+2)} \\ &\qquad {}+\frac{1}{(\alpha+2)} -\frac{1}{(\alpha+1)}+\frac{1}{2(\alpha+1)} \biggr\} + \bigl\vert \psi''(b_{2}) \bigr\vert (b_{2}-b_{1})^{\alpha+2} \biggl\{ \frac{\alpha^{\alpha+2}}{(\alpha+1)^{\alpha+2}(\alpha+2)} \biggr\} \biggr] \\ &\quad =\frac{(b_{2}-b_{1})^{2}}{(\alpha+1)^{\alpha+3}(\alpha+2)} \biggl[ \biggl\vert \psi'' \biggl(\frac{\alpha b_{1}+b_{2}}{\alpha+1} \biggr) \biggr\vert \biggl\{ \frac{\alpha[(\alpha+1)^{\alpha+1}-2\alpha^{\alpha+1}]}{2} \biggr\} + \bigl\vert \psi''(b_{2}) \bigr\vert \alpha^{\alpha+2} \biggr]. \end{aligned}$$ \end{document}$$

Part (ii) can be proved by using the same procedure.

Next, we prove part (iii). We clearly see that $$\documentclass[12pt]{minimal}
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                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned} & \biggl\vert \psi \biggl(\frac{\alpha b_{1}+b_{2}}{\alpha+1} \biggr)-\frac{\Gamma(\alpha+1)}{(b_{2}-b_{1})^{\alpha}}J_{b_{1}+}^{\alpha} \psi(b_{2}) \biggr\vert \\ &\quad \leq\frac{1}{(\alpha+1)(b_{2}-b_{1})^{\alpha}} \biggl[ \int_{b_{1}}^{\frac{\alpha b_{1}+b_{2}}{\alpha+1}} \bigl\{ (b_{2}- \mu)^{\alpha+1} -(b_{2}-b_{1})^{\alpha+1} \\ &\qquad {}-(b_{1}-\mu) (b_{2}-b_{1})^{\alpha}( \alpha+1) \bigr\} \bigl\vert \psi''(\mu) \bigr\vert \,d \mu + \int_{\frac{\alpha b_{1}+b_{2}}{\alpha+1}}^{b_{2}}(b_{2}-\mu)^{\alpha+1} \bigl\vert \psi''(\mu) \bigr\vert \,d\mu \biggr]. \end{aligned}$$ \end{document}$$

Since every convex function *ψ* defined on an interval $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$[b_{1},b_{2}]$\end{document}$ is bounded above by $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\max\{\psi(b_{1}),\psi(b_{2})\}$\end{document}$. Therefore, we have $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned} & \biggl\vert \psi \biggl(\frac{\alpha b_{1}+b_{2}}{\alpha+1} \biggr)-\frac{\Gamma(\alpha+1)}{(b_{2}-b_{1})^{\alpha}}J_{b_{1}+}^{\alpha} \psi(b_{2}) \biggr\vert \\ &\quad \leq\frac{1}{(\alpha+1)(b_{2}-b_{1})^{\alpha}} \biggl[\max \biggl\{ \bigl\vert \psi''(b_{1}) \bigr\vert , \biggl\vert \psi'' \biggl( \frac{\alpha b_{1}+b_{2}}{\alpha+1} \biggr) \biggr\vert \biggr\} , \\ & \int_{b_{1}}^{\frac{\alpha b_{1}+b_{2}}{\alpha+1}} \bigl\{ (b_{2}- \mu)^{\alpha+1}-(b_{2}-b_{1})^{\alpha+1}-(b_{1}- \mu) (b_{2}-b_{1})^{\alpha}(\alpha+1) \bigr\} \,d\mu \\ &\qquad {}+\max \biggl\{ \biggl\vert \psi'' \biggl( \frac{\alpha b_{1}+b_{2}}{\alpha+1} \biggr) \biggr\vert , \bigl\vert \psi''(b_{2}) \bigr\vert \biggr\} \int_{\frac{\alpha b_{1}+b_{2}}{\alpha+1}}^{b_{2}}(b_{2}-\mu)^{\alpha+1}\,d \mu \biggr] \\ &\quad =\frac{(b_{2}-b_{1})^{2}}{(\alpha+1)^{\alpha+3}(\alpha+2)} \biggl[\max \biggl\{ \bigl\vert \psi''(b_{1}) \bigr\vert , \biggl\vert \psi'' \biggl( \frac{\alpha b_{1}+b_{2}}{\alpha+1} \biggr) \biggr\vert \biggr\} \biggl(\frac{\alpha[(\alpha+1)^{\alpha+1}-2\alpha^{\alpha+1}]}{2} \biggr) \\ & \qquad {}+\max \biggl\{ \biggl\vert \psi'' \biggl(\frac{\alpha b_{1}+b_{2}}{\alpha+1} \biggr) \biggr\vert , \bigl\vert \psi''(b_{2}) \bigr\vert \biggr\} \bigl(\alpha^{\alpha+2} \bigr) \biggr], \end{aligned}$$ \end{document}$$ which is our required inequality. □

Remark 2.6 {#FPar11}
----------

Let $\documentclass[12pt]{minimal}
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                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\alpha=1$\end{document}$. Then Theorem [2.5](#FPar9){ref-type="sec"} leads to $$\documentclass[12pt]{minimal}
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                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned} & \biggl\vert \psi \biggl(\frac{b_{1}+b_{2}}{2} \biggr)-\frac{1}{b_{2}-b_{1}} \int_{b_{1}}^{b_{2}}\psi(t)\,dt \biggr\vert \leq \frac{(b_{2}-b_{1})^{2}}{48} \biggl[ \biggl\vert \psi'' \biggl( \frac{b_{1}+b_{2}}{2} \biggr) \biggr\vert + \bigl\vert \psi''(b_{2}) \bigr\vert \biggr], \\ & \biggl\vert \psi \biggl(\frac{b_{1}+b_{2}}{2} \biggr)-\frac{1}{b_{2}-b_{1}} \int_{b_{1}}^{b_{2}}\psi(t)\,dt \biggr\vert \leq \frac{(b_{2}-b_{1})^{2}}{48} \biggl[ \bigl\vert \psi''(b_{1}) \bigr\vert + \biggl\vert \psi'' \biggl( \frac{b_{1}+b_{2}}{2} \biggr) \biggr\vert \biggr], \\ & \biggl\vert \psi \biggl(\frac{b_{1}+b_{2}}{2} \biggr)-\frac{1}{b_{2}-b_{1}} \int_{b_{1}}^{b_{2}}\psi(t)\,dt \biggr\vert \\ &\quad \leq\frac{(b_{2}-b_{1})^{2}}{48} \biggl[\max \biggl\{ \bigl\vert \psi''(b_{1}) \bigr\vert , \biggl\vert \psi'' \biggl( \frac{b_{1}+b_{2}}{2} \biggr) \biggr\vert \biggr\} +\max \biggl\{ \biggl\vert \psi'' \biggl( \frac{b_{1}+b_{2}}{2} \biggr) \biggr\vert , \bigl\vert \psi''(b_{2}) \bigr\vert \biggr\} \biggr]. \end{aligned}$$ \end{document}$$

Theorem 2.7 {#FPar12}
-----------

*Let* $\documentclass[12pt]{minimal}
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                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$|\psi''|$\end{document}$ *be a convex function*. *Then the inequality* $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned} & \biggl\vert \psi \biggl(\frac{\alpha b_{1}+b_{2}}{\alpha+1} \biggr)-\frac{\Gamma(\alpha+1)}{(b_{2}-b_{1})^{\alpha}}J_{b_{1}+}^{\alpha} \psi(b_{2}) \biggr\vert \\ &\quad \leq\frac{(b_{2}-b_{1})^{2}}{6(\alpha+1)^{3}(\alpha+3)} \biggl[ \bigl\vert \psi''(b_{1}) \bigr\vert \bigl(9\alpha^{2}+23\alpha+12 \bigr)+\frac{ \vert \psi''(b_{2}) \vert (7\alpha^{2}+17\alpha+12)}{\alpha+2} \biggr] \end{aligned}$$ \end{document}$$ *holds for any* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\alpha>0$\end{document}$.

Proof {#FPar13}
-----

It follows from ([2.19](#Equ20){ref-type=""}) that $$\documentclass[12pt]{minimal}
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                \usepackage{amsbsy}
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                \usepackage{upgreek}
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                \begin{document} $$\begin{aligned} &\psi \biggl(\frac{\alpha b_{1}+b_{2}}{\alpha+1} \biggr)-\frac{\Gamma(\alpha+1)}{(b_{2}-b_{1})^{\alpha}}J_{b_{1}+}^{\alpha} \psi(b_{2}) \\ &\quad =\frac{1}{(\alpha+1)(b_{2}-b_{1})^{\alpha}} \biggl[ \int_{b_{1}}^{\frac{\alpha b_{1}+b_{2}}{\alpha+1}} \bigl\{ (b_{1}-\mu) (b_{2}-b_{1})^{\alpha}(\alpha+1) \\ &\qquad {}-(b_{2}-\mu)^{\alpha+1} +(b_{2}-b_{1})^{\alpha+1} \bigr\} \psi''(\mu)\,d\mu - \int_{\frac{\alpha b_{1}+b_{2}}{\alpha+1}}^{b_{2}}(b_{2}-\mu)^{\alpha+1} \psi''(\mu)\,d\mu \biggr]. \end{aligned}$$ \end{document}$$

Let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$t\in[0,1]$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\mu=tb_{1}+(1-t)b_{2}$\end{document}$. Then $$\documentclass[12pt]{minimal}
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                \begin{document}$$ \begin{aligned}[b] &\psi \biggl(\frac{\alpha b_{1}+b_{2}}{\alpha+1} \biggr)- \frac{\Gamma(\alpha+1)}{(b_{2}-b_{1})^{\alpha}}J_{b_{1}+}^{\alpha} \psi(b_{2}) \\ &\quad =\frac{1}{(\alpha+1)(b_{2}-b_{1})^{\alpha}} \biggl[ \int_{1}^{\frac{\alpha}{\alpha+1}} \bigl\{ \bigl[b_{1}-tb_{1}-(1-t)b_{2} \bigr](b_{2}-b_{1})^{\alpha}(\alpha+1) \\ &\qquad {}- \bigl[b_{2}-tb_{1}-(1-t)b_{2} \bigr]^{\alpha+1}+(b_{2}-b_{1})^{\alpha+1} \bigr\} \psi'' \bigl(tb_{1}+(1-t)b_{2} \bigr) (b_{1}-b_{2})\,dt \\ &\qquad {}- \int_{\frac{\alpha}{\alpha+1}}^{0} \bigl[b_{2}-tb_{1}-(1-t)b_{2} \bigr]^{\alpha+1}\psi'' \bigl(tb_{1}+(1-t)b_{2} \bigr) (b_{1}-b_{2})\,dt \biggr] \\ &\quad =\frac{-(b_{2}-b_{1})^{\alpha+2}}{(\alpha+1)(b_{2}-b_{1})^{\alpha}} \biggl[ \int_{1}^{\frac{\alpha}{\alpha+1}} \bigl\{ (-1+t) (\alpha+1)+1 \bigr\} \psi'' \bigl(tb_{1}+(1-t)b_{2} \bigr) \,dt \\ &\qquad {}- \int_{1}^{\frac{\alpha}{\alpha+1}}t^{\alpha+1}\psi'' \bigl(tb_{1}+(1-t)b_{2} \bigr)\,dt+ \int_{0}^{\frac{\alpha}{\alpha+1}}t^{\alpha+1}\psi'' \bigl(tb_{1}+(1-t)b_{2} \bigr)\,dt \biggr] \\ &\quad =\frac{(b_{2}-b_{1})^{2}}{\alpha+1} \biggl[ \int_{\frac{\alpha}{\alpha+1}}^{1}(\alpha t+t-\alpha) \psi'' \bigl(tb_{1}+(1-t)b_{2} \bigr) \,dt\\ &\qquad {} - \int_{0}^{1}t^{\alpha+1}\psi'' \bigl(tb_{1}+(1-t)b_{2} \bigr)\,dt \biggr]. \end{aligned} $$\end{document}$$

Taking absolute on both sides and using the convexity of $\documentclass[12pt]{minimal}
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                \begin{document}$|\psi''|$\end{document}$, we get $$\documentclass[12pt]{minimal}
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                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned} & \biggl\vert \psi \biggl(\frac{\alpha b_{1}+b_{2}}{\alpha+1} \biggr)-\frac{\Gamma(\alpha+1)}{(b_{2}-b_{1})^{\alpha}}J_{b_{1}+}^{\alpha} \psi(b_{2}) \biggr\vert \\ &\quad \leq\frac{(b_{2}-b_{1})^{2}}{\alpha+1} \biggl[ \int_{\frac{\alpha}{\alpha+1}}^{1}(\alpha t+t-\alpha) \bigl\vert \psi'' \bigl(tb_{1}+(1-t)b_{2} \bigr) \bigr\vert \,dt\\ &\qquad {} + \int_{0}^{1}t^{\alpha+1} \bigl\vert \psi'' \bigl(tb_{1}+(1-t)b_{2} \bigr) \bigr\vert \,dt \biggr] \\ &\quad \leq\frac{(b_{2}-b_{1})^{2}}{\alpha+1} \biggl[ \int_{\frac{\alpha}{\alpha+1}}^{1} \bigl(t(\alpha+1)-\alpha \bigr) \bigl[t \bigl\vert \psi''(b_{1}) \bigr\vert +(1-t) \bigl\vert \psi''(b_{2}) \bigr\vert \bigr]\,dt \\ &\qquad {}+ \int_{0}^{1}t^{\alpha+1} \bigl[t \bigl\vert \psi''(b_{1}) \bigr\vert +(1-t) \bigl\vert \psi''(b_{2}) \bigr\vert \bigr]\,dt \biggr] \\ &\quad =\frac{(b_{2}-b_{1})^{2}}{\alpha+1} \biggl[\frac{ \vert \psi''(b_{1}) \vert (3\alpha+2)}{6(\alpha+1)^{2}}+\frac{ \vert \psi''(b_{2}) \vert }{6(\alpha+1)^{2}} + \frac{ \vert \psi''(b_{1}) \vert }{\alpha+3}+\frac{ \vert \psi''(b_{2}) \vert }{(\alpha+2)(\alpha+3)} \biggr] \\ &\quad =\frac{(b_{2}-b_{1})^{2}}{6(\alpha+1)^{3}(\alpha+3)} \biggl[ \bigl\vert \psi''(b_{1}) \bigr\vert \bigl(9\alpha^{2}+23\alpha+12 \bigr)+\frac{ \vert \psi''(b_{2}) \vert (7\alpha^{2}+17\alpha+12)}{\alpha+2} \biggr], \end{aligned}$$ \end{document}$$ which completes the proof. □

Remark 2.8 {#FPar14}
----------

In Theorem [2.7](#FPar12){ref-type="sec"}, if we take $\documentclass[12pt]{minimal}
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                \begin{document}$\alpha=1$\end{document}$, then we obtain $$\documentclass[12pt]{minimal}
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                \usepackage{amsfonts} 
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                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ \biggl\vert \psi \biggl(\frac{b_{1}+b_{2}}{2} \biggr)-\frac{1}{b_{2}-b_{1}} \int_{b_{1}}^{b_{2}}\psi(t)\,dt \biggr\vert \leq \frac{(b_{2}-b_{1})^{2}}{48} \bigl[11|\psi''(b_{1})+3 \bigl\vert \psi''(b_{2}) \bigr\vert \bigr]. $$\end{document}$$

Theorem 2.9 {#FPar15}
-----------

*Let* $\documentclass[12pt]{minimal}
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                \usepackage{wasysym} 
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                \begin{document}$\psi \in C^{2}([b_{1},b_{2}])$\end{document}$ *and* $\documentclass[12pt]{minimal}
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                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$|\psi''|$\end{document}$ *be a convex function*. *Then the inequality* $$\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned} & \biggl\vert \frac{\alpha\psi(b_{1})+\psi(b_{2})}{\alpha+1}-\frac{\Gamma(\alpha+1)}{(b_{2}-b_{1})^{\alpha}}J_{b_{1}+}^{\alpha} \psi(b_{2}) \biggr\vert \\ &\quad \leq\frac{\alpha(b_{2}-b_{1})^{2}}{3(\alpha+1)(\alpha+3)} \biggl[ \bigl\vert \psi''(b_{1}) \bigr\vert + \bigl\vert \psi''(b_{2}) \bigr\vert \biggl(\frac{\alpha+5}{2(\alpha+2)} \biggr) \biggr] \end{aligned}$$ \end{document}$$ *holds for any* $\documentclass[12pt]{minimal}
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                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\alpha>0$\end{document}$.

Proof {#FPar16}
-----

From ([2.15](#Equ16){ref-type=""}), we have $$\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned} &\frac{\alpha\psi(b_{1})+\psi(b_{2})}{\alpha+1}-\frac{\Gamma(\alpha+1)}{(b_{2}-b_{1})^{\alpha}}J_{b_{1}+}^{\alpha} \psi(b_{2}) \\ &\quad =\frac{1}{(\alpha+1)(b_{2}-b_{1})^{\alpha}} \int_{b_{1}}^{b_{2}} \bigl[(b_{2}-b_{1})^{\alpha}(b_{2}- \mu)-(b_{2}-\mu)^{\alpha+1} \bigr]\psi''( \mu)\,d\mu. \end{aligned}$$ \end{document}$$
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                \begin{document}$$ \begin{aligned}[b] &\frac{\alpha\psi(b_{1})+\psi(b_{2})}{\alpha+1}-\frac{\Gamma(\alpha+1)}{(b_{2}-b_{1})^{\alpha}}J_{b_{1}+}^{\alpha} \psi(b_{2}) \\ &\quad =\frac{b_{2}-b_{1}}{(\alpha+1)(b_{2}-b_{1})^{\alpha}}\\ &\qquad {}\times \int_{0}^{1} \bigl\{ (b_{2}-b_{1})^{\alpha}\bigl[t(b_{2}-b_{1}) \bigr]- \bigl[t(b_{2}-b_{1}) \bigr]^{\alpha+1} \bigr\} \psi'' \bigl(tb_{1}+(1-t)b_{2} \bigr)\,dt \\ &\quad =\frac{(b_{2}-b_{1})^{2}}{\alpha+1} \int_{0}^{1} \bigl(t-t^{\alpha+1} \bigr) \psi'' \bigl(tb_{1}+(1-t)b_{2} \bigr) \,dt. \end{aligned} $$\end{document}$$

Taking absolute on both sides and using the convexity of $\documentclass[12pt]{minimal}
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                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned} & \biggl\vert \frac{\alpha\psi(b_{1})+\psi(b_{2})}{\alpha+1}-\frac{\Gamma(\alpha+1)}{(b_{2}-b_{1})^{\alpha}}J_{b_{1}+}^{\alpha} \psi(b_{2}) \biggr\vert \\ &\quad \leq\frac{(b_{2}-b_{1})^{2}}{\alpha+1} \int_{0}^{1} \bigl(t-t^{\alpha+1} \bigr) \bigl\vert \psi'' \bigl(tb_{1}+(1-t)b_{2} \bigr) \bigr\vert \,dt \\ &\quad \leq\frac{(b_{2}-b_{1})^{2}}{\alpha+1} \int_{0}^{1} \bigl(t-t^{\alpha+1} \bigr) \bigl[t \bigl\vert \psi''(b_{1}) \bigr\vert +(1-t) \bigl\vert \psi''(b_{2}) \bigr\vert \bigr]\,dt \\ &\quad =\frac{(b_{2}-b_{1})^{2}}{\alpha+1} \biggl[ \bigl\vert \psi''(b_{1}) \bigr\vert \biggl(\frac{\alpha}{3(\alpha+3)} \biggr) + \bigl\vert \psi''(b_{2}) \bigr\vert \biggl( \frac{\alpha^{2}+5\alpha}{6(\alpha+2)(\alpha+3)} \biggr) \biggr] \\ &\quad =\frac{\alpha(b_{2}-b_{1})^{2}}{3(\alpha+1)(\alpha+3)} \biggl[ \bigl\vert \psi''(b_{1}) \bigr\vert + \bigl\vert \psi''(b_{2}) \bigr\vert \biggl(\frac{\alpha+5}{2(\alpha+2)} \biggr) \biggr], \end{aligned}$$ \end{document}$$ which is our required inequality. □

Remark 2.10 {#FPar17}
-----------

In Theorem [2.9](#FPar15){ref-type="sec"}, if we take $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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                \begin{document}$$ \biggl\vert \frac{\psi(b_{1})+\psi(b_{2})}{2}-\frac{1}{b_{2}-b_{1}} \int_{b_{1}}^{b_{2}}\psi(t)\,dt \biggr\vert \leq \frac{(b_{2}-b_{1})^{2}}{24} \bigl[ \bigl\vert \psi''(b_{1})+| \psi''(b_{2}) \bigr\vert \bigr]. $$\end{document}$$

Theorem 2.11 {#FPar18}
------------

*Let* $\documentclass[12pt]{minimal}
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                \usepackage{amsmath}
                \usepackage{wasysym} 
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                \begin{document}$|\psi''|$\end{document}$ *be a concave function*. *Then* $$\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned} & \biggl\vert \psi \biggl(\frac{\alpha b_{1}+b_{2}}{\alpha+1} \biggr)-\frac{\Gamma(\alpha+1)}{(b_{2}-b_{1})^{\alpha}}J_{b_{1}+}^{\alpha} \psi(b_{2}) \biggr\vert \\ &\quad \leq\frac{(b_{2}-b_{1})^{2}}{\alpha+1} \biggl[\frac{1}{2(\alpha+1)} \biggl\vert \psi'' \biggl(\frac{3\alpha b_{1}+2b_{1}+b_{2}}{3(\alpha+1)} \biggr) \biggr\vert + \frac{1}{\alpha+2} \biggl\vert \psi'' \biggl( \frac{\alpha b_{1}+2b_{1}+b_{2}}{\alpha+3} \biggr) \biggr\vert \biggr] \end{aligned}$$ \end{document}$$ *for any* $\documentclass[12pt]{minimal}
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                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\alpha>0$\end{document}$.

Proof {#FPar19}
-----

It follows from ([2.20](#Equ21){ref-type=""}) that $$\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned} &\psi \biggl(\frac{\alpha b_{1}+b_{2}}{\alpha+1} \biggr)-\frac{\Gamma(\alpha+1)}{(b_{2}-b_{1})^{\alpha}}J_{b_{1}+}^{\alpha} \psi(b_{2}) \\ &\quad =\frac{(b_{2}-b_{1})^{2}}{\alpha+1}\\ &\qquad {}\times \biggl[ \int_{\frac{\alpha}{\alpha+1}}^{1} \bigl\{ t(\alpha+1)-\alpha \bigr\} \psi'' \bigl(tb_{1}+(1-t)b_{2} \bigr) \,dt - \int_{0}^{1}t^{\alpha+1}\psi'' \bigl(tb_{1}+(1-t)b_{2} \bigr)\,dt \biggr]. \end{aligned}$$ \end{document}$$

Taking absolute on both sides and using Jensen's integral inequality, we get $$\documentclass[12pt]{minimal}
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                \usepackage{upgreek}
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                \begin{document} $$\begin{aligned} & \biggl\vert \psi \biggl(\frac{\alpha b_{1}+b_{2}}{\alpha+1} \biggr)-\frac{\Gamma(\alpha+1)}{(b_{2}-b_{1})^{\alpha}}J_{b_{1}+}^{\alpha} \psi(b_{2}) \biggr\vert \\ &\quad \leq\frac{(b_{2}-b_{1})^{2}}{\alpha+1} \biggl[ \int_{\frac{\alpha}{\alpha+1}}^{1} \bigl\{ t(\alpha+1)-\alpha \bigr\} \,dt \biggl\vert \psi'' \biggl(\frac{\int_{\frac{\alpha}{\alpha+1}}^{1}\{t(\alpha+1)-\alpha\}\{tb_{1}+(1-t)b_{2}\}\,dt}{ \int_{\frac{\alpha}{\alpha+1}}^{1}\{t(\alpha+1)-\alpha\}\,dt} \biggr) \biggr\vert \\ &\qquad {}+ \int_{0}^{1}t^{\alpha+1}\,dt \biggl\vert \psi'' \biggl(\frac{\int_{0}^{1}t^{\alpha+1}\{tb_{1}+(1-t)b_{2}\}\,dt}{\int_{0}^{1}t^{\alpha+1}\,dt} \biggr) \biggr\vert \biggr] \\ &\quad =\frac{(b_{2}-b_{1})^{2}}{\alpha+1} \biggl[\frac{1}{2(\alpha+1)} \biggl\vert \psi'' \biggl(\frac{3\alpha b_{1}+2b_{1}+b_{2}}{3(\alpha+1)} \biggr) \biggr\vert + \frac{1}{\alpha+2} \biggl\vert \psi'' \biggl( \frac{\alpha b_{1}+2b_{1}+b_{2}}{\alpha+3} \biggr) \biggr\vert \biggr]. \end{aligned}$$ \end{document}$$ □

Remark 2.12 {#FPar20}
-----------

In Theorem [2.11](#FPar18){ref-type="sec"}, if we take $\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned} &\biggl\vert \psi \biggl(\frac{b_{1}+b_{2}}{2} \biggr)-\frac{1}{b_{2}-b_{1}} \int_{b_{1}}^{b_{2}}\psi(t)\,dt \biggr\vert \\ &\quad \leq \frac{(b_{2}-b_{1})^{2}}{2} \biggl[\frac{1}{4} \biggl\vert \psi'' \biggl(\frac{5b_{1}+b_{2}}{6} \biggr) \biggr\vert +\frac{1}{3} \biggl\vert \psi'' \biggl(\frac{3b_{1}+b_{2}}{4} \biggr) \biggr\vert \biggr]. \end{aligned}$$ \end{document}$$

Theorem 2.13 {#FPar21}
------------

*Assume that* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\psi \in C^{2}([b_{1},b_{2}])$\end{document}$ *and* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$|\psi''|$\end{document}$ *is a concave function*. *Then*, *for any* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\alpha>0$\end{document}$, *we have the inequality* $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned} & \biggl\vert \frac{\alpha\psi(b_{1})+\psi(b_{2})}{\alpha+1}-\frac{\Gamma(\alpha+1)}{(b_{2}-b_{1})^{\alpha}}J_{b_{1}+}^{\alpha} \psi(b_{2}) \biggr\vert \\ &\quad \leq\frac{\alpha(b_{2}-b_{1})^{2}}{2(\alpha+1)(\alpha+2)} \biggl\vert \psi'' \biggl( \frac{2\alpha b_{1}+\alpha b_{2}+4b_{1}+5b_{2}}{3(\alpha+3)} \biggr) \biggr\vert . \end{aligned}$$ \end{document}$$

Proof {#FPar22}
-----

From ([2.21](#Equ22){ref-type=""}) one has $$\documentclass[12pt]{minimal}
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Taking absolute on both sides and using Jensen's integral inequality, we get $$\documentclass[12pt]{minimal}
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Remark 2.14 {#FPar23}
-----------
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Remark 2.15 {#FPar24}
-----------

We can also get the same results as in this article if we use the Green's function $\documentclass[12pt]{minimal}
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Results and discussion {#Sec3}
======================

In the article, we use Green's function method to establish the left Riemann--Liouville fractional Hermite--Hadamard type inequalities. The given idea by using the Green's function ([2.1](#Equ2){ref-type=""}) or any other new Green's function may be furthered to research the Hermite--Hadamard inequality for fractional integrals as presented in \[[@CR38]\] and to research the Hermite--Hadamard inequality for pre-invex, *s*-convex, co-ordinate convex functions etc.

Conclusion {#Sec4}
==========

In the article, we establish the left Riemann--Liouville fractional Hermite--Hadamard type inequalities and the generalized Hermite--Hadamard type inequalities by using Green's function and Jensen's inequality. The given idea and results are novel and interesting, they may stimulate further research in the theory of fractional integrals and generalized convex functions.
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